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ABSTRACT 
 
It is well known that strengthening/seismic retrofit with fiber-reinforced polymer (FRP) confinement is highly 
effective for circular reinforced concrete (RC) columns but much less effective for rectangular columns 
(including square columns as a special case). As a result, FRP-confined concrete in rectangular columns often 
exhibits a softening stress-strain response (i.e., a stress-strain response with a descending branch), leading to a 
softening sectional moment-curvature response. For such cases, localization of inelastic deformation occurs at 
the column ends, which presents a significant challenge for numerical simulations to obtain objective results. 
Existing studies on the numerical simulation of FRP-confined rectangular RC columns under cyclic/seismic 
lateral loading have however overlooked this issue. In the present paper, an objective numerical approach for 
FRP-confined square RC columns under cyclic/seismic lateral loading is presented, in which the force-based 
beam-column element with the modified Scott and Fenves integration scheme in OpenSEES (Open System for 
Earthquake Engineering Simulation) is employed. To use this element properly, the development and use of an 
equivalent plastic hinge length model for such columns is carefully examined. The objectivity and accuracy of 
predictions from the proposed numerical approach are demonstrated using numerical examples. 
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INTRODUCTION 
 
Fiber-reinforced polymer (FRP) jacketing offers an effective means to enhance the seismic performance of 
reinforced concrete (RC) columns (Xiao and Ma 1997; Teng et al. 2002; Teng et al. 2015). The effectiveness of 
this seismic retrofit method has been demonstrated by many researchers through experimental studies, but there 
has been relatively limited research on the numerical simulation of such columns. Teng et al. (2015) recently 
proposed the first reliable numerical approach for the simulation of FRP-confined circular RC columns under 
combined axial compression and cyclic/seismic lateral loading using the fiber-section force-based beam-column 
element with the Gauss-Lobatto integration scheme available in OpenSEES (2009) (Open System for 
Earthquake Engineering Simulation). Their approach was based on the uniaxial stress-strain model of Lam and 
Teng (2009) for FRP-confined concrete subjected to cyclic axial compression and a hysteretic moment-rotation 
model to account for the effect of strain penetration of longitudinal steel bars in the column footing (i.e., effect 
of fixed-end rotations) (Teng et al. 2015). Close agreement between the predictions and the test results was 
achieved by this approach. 
 
The approach developed by Teng et al. (2015) however cannot be directly applied to FRP-confined rectangular 
RC columns (including square RC columns as a special case) under seismic/cyclic lateral loading. This is 
because FRP confinement is much less effective for rectangular columns than for circular columns, so FRP-
confined concrete in rectangular columns often exhibits a softening stress-strain response (i.e., the stress-strain 
curve possesses a descending branch), leading a softening sectional moment-curvature response. For such cases, 
localization of inelastic deformation occurs at the column ends, which presents a significant challenge for 
numerical simulations using beam-column elements to obtain objective results. More specifically, if Teng et 
al.’s (2015) approach is directly employed to simulate the response of these columns, the element response 
changes with the number of integration points adopted for the element (referred to as the non-objectivity 
problem or localization problem) (Coleman and Spacone 2001; Scott and Fenves 2006; Valipour and Foster 
2009). This issue, however, is not so significant in circular columns where a relatively thin FRP jacket leads to a 
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hardening (i.e., monotonically ascending) stress-strain response. The present paper presents a numerical 
approach that provides objective predictions of FRP-confined square columns under cyclic/seismic lateral 
loading through the development and use of a model for the equivalent plastic hinge lengths of such columns. 
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Figure 1 Curvature and moment distributions in a 
cantilever column 
Figure 2 Curvature and moment distributions assumed for 
a force-based beam-column element with 5 Gauss-Lobatto 
integration points 
 
PLASTIC HINGE LENGTHS OF RC COLUMNS 
 
Unless otherwise stated, the discussions in the remainder of the present paper are limited to cantilever columns 
of length L bent in single curvature (Figure 1) due to a constant axial load and a varying lateral load at the free 
end. A fixed-end column bent in double-curvature can be represented as two cantilever columns meeting at the 
point of contraflexure. In a cantilever RC column, the moment increases linearly down the column height, and 
large inelastic deformations are concentrated in the vicinity of the column end/base (the plastic hinge region). 
The distance from the column base to the section where the curvature equals the yield curvature (Figure 1) is 
referred to as the physical plastic hinge length (Hines et al. 2004; Jiang et al. 2014) and denoted by prl . 
 
For hand calculation of lateral displacements of a column, a simplified curvature distribution, which has the 
same profile area over the column as the actual curvature distribution (Figure 1), has commonly been used. This 
simplified curvature distribution is composed of a linear elastic variation due to elastic deformation along the 
full-height of the column plus a rectangular plastic hinge region at the column base (Park and Paulay (1975). 
The height of this assumed plastic hinge zone, denoted by pl , is referred to as the equivalent plastic hinge length. 
The curvatures within the equivalent plastic hinge length are expected to reflect all the effects that contribute to 
the lateral displacement of the column other than the linear elastic deformation. For an RC column with a 
column aspect ratio  4 gL r  (where gr  = radius of gyration, which is 4D  for circular columns with a diameter 
equal to D) larger than 3.0, shear deformation is negligibly small and may be ignored (Priestley et al. 2007). 
Based on the simplified curvature distribution in Figure 1, the ultimate lateral displacement at the tip of the 
column can be calculated as: 
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where yN  and uN  are the yield curvature and the ultimate curvature of the column section respectively. 
 
The equivalent plastic hinge length of the column can be related to the physical plastic hinge length via the 
following equation by assuming that the plastic curvature varies linearly over the physical plastic hinge length  
(Figure 1) (Hines et al. 2004; Jiang et al. 2014): 
 0.022
2
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p b y
ll d f    (2) 
where bd  and yf  are the diameter and yield stress of the longitudinal steel bars respectively. 
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NON-OBJECTIVITY ISSUE IN FORCE-BASED BEAM-COLUMN ELEMENTS 
 
Force-Based Beam-Column Elements 
 
Force-based beam-column elements have drawn much attention since their first appearance (Taucer et al. 1991) 
and have since been used extensively in the simulation of seismic performance of RC structures (Spacone et al. 
1996a, 1996b). Force-based beam-column elements allow the nonlinear deformation of structural members in 
frames to be captured with a very coarse discretization. These elements have also been used in the simulation of 
cyclic/seismic performance of FRP-confined circular RC columns in recent years (Shao et al. 2006; Zhu et al. 
2006; Mosalam et al. 2007; Teng et al. 2010; Teng et al. 2011; Lin et al. 2012; Liu et al. 2013; Hu and Barbato 
2014; Teng et al. 2015). 
 
In a force-based element, the force field is interpolated along the element instead of the displacement field in a 
traditional displacement-based element; as a result, element equilibrium is satisfied in a strict sense. The 
integrals of a force-based beam-column element formulation are generally evaluated by numerical integration. 
Typically, only one element is needed to represent a structural member in a frame when distributed member 
loads do not exist. Therefore, the Gauss-Lobatto integration scheme is commonly used as it has two integration 
points at the element ends where the bending moments are typically the largest. A schematic diagram of the 
five-point Gauss-Lobatto integration scheme for the sectional curvature of a cantilever column is shown in 
Figure 2. In this numerical integration scheme, the actual curvature distribution is approximated by that of five 
rectangles along the element length (Figure 2). In order to accurately represent the deformation of the member, 
four to six Gauss-Lobatto integration points are typically used (Neuenhofer and Filippou 1997). 
 
Based on the Gauss-Lobatto integration scheme illustrated in Figure 2, the free-end lateral displacement of the 
cantilever column can be found using the principle of virtual forces as follows (Taucer et al. 1991; Scott 2004): 
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where ix  is the location of the ith integration point;  ib x  is the virtual moment at the ith integration point due 
to a unit lateral load at the free end;  ixN  is the curvature at the ith integration point; iw  is the weight of the 
ith integration point (Figure 2). 
 
Non-Objectivity of Predictions 
 
For a hardening sectional response, inelastic deformations spread along the element as the load increases and the 
solution does not depend on the number of integration points. By contrast, for a softening sectional response, 
inelastic deformations will localize at a single integration point, causing the predictions to depend on the number 
of integration points. For the cantilever column shown in Figure 2, which employs the five-point Gauss-Lobatto 
integration scheme, localization of inelastic deformations will occur at the integration point at the column base 
over a length of 20L  [referred to as the characteristic length (Scott 2011)]. If a different number of Gauss-
Lobatto integration points is used, this characteristic length will be different. As a result, a unique solution does 
not exist and the element response changes with the number of Gauss-Lobatto integration points (Coleman and 
Spacone 2001; Scott and Fenves 2006). 
 
To avoid the non-objectivity issue mentioned above, several techniques have been proposed by researchers 
(Coleman and Spacone 2001; Scott and Fenves 2006; Addessi and Ciampi 2007; Scott and Hamutçuoğlu 2008; 
Valipour and Foster 2009). Among these techniques, the Scott and Fenves (2006) integration scheme strikes a 
good balance between reliability and simplicity. In this integration scheme, the characteristic length is set to be 
equal to the equivalent plastic hinge length of an RC column. The inner sections (i.e., sections away from the 
end sections) however are assumed to be elastic, making it inapplicable to RC members with a hardening 
sectional response. In OpenSEES (2009) (Version 2.4.2), the Scott and Fenves (2006) integration scheme was 
modified (referred to as the modified Scott-Fenves integration scheme) by adding a two-point Gauss quadrature 
integration in the element interior to capture the inelastic deformations of the inner sections; as a result, the 
modified Scott-Fenves integration scheme is applicable to RC members with both hardening and softening 
sectional responses. Therefore, the modified Scott-Fenves integration scheme in OpenSEES was chosen in the 
present study to simulate the response of FRP-confined square RC columns under cyclic/seismic lateral loading. 
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Characteristic Lengths for the Modified Scott-Fenves Integration Scheme 
 
To achieve objective responses, two fixed characteristic lengths are used in the modified Scott and Fenves (2006) 
integration scheme for the two ends of the element. This characteristic length was taken to be equal to the 
equivalent plastic hinge length by Scott and Fenves (2006), but this approximation may cause significant errors. 
To achieve accurate predictions, the relationship between the characteristic length and the equivalent plastic 
hinge length is derived herein using a cantilever column subjected to a lateral load at the free end. The curvature 
distribution of the column used by the modified Scott and Fenves integration scheme is shown in Figure 3. The 
lateral displacement at the free end, based on this curvature distribution, can be calculated in Eq. (3) to be: 
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where baseN  is the curvature at the base section of the column; EI is the effective cross-sectional stiffness outside 
the plastic hinge region. At the ultimate state, the ultimate lateral displacement at the column free end can be 
approximated as: 
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By equating Eq. (5) with Eq. (1) for the ultimate lateral displacement at the column free end, the characteristic 
length SFpl  can be expressed as a function of the equivalent plastic hinge length pl : 
 1
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  (6) 
It is obvious that the characteristic length SFpl  in the modified Scott-Fenves integration scheme can be 
significantly smaller than the equivalent plastic hinge length pl . 
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Figure 3 Modified Scott and Fenves integration scheme 
in OpenSEES for a cantilever column 
 
EQUIVALENT PLASTIC HINGE LENGTH MODELS 
 
Although a significant number of plastic hinge length models have been developed for conventional RC 
columns, only a few studies have been conducted on FRP-confined columns, leading to only two plastic hinge 
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length models for these columns (i.e., Gu et al. 2012; Jiang et al. 2014). Gu et al. (2012) modified the equivalent 
plastic hinge length model of Paulay and Priestly (2009) for conventional RC columns by adding the effect of 
FRP confinement. This model was developed based on the ultimate lateral displacements of 29 FRP-confined 
circular RC columns under cyclic lateral loading that failed by FRP rupture due to hoop tension. In this model, 
the equivalent plastic hinge length increases to a peak value and then decreases with the FRP confinement ratio 
[  2f f f f coE t DfO H c , where fE , fH , and ft  = the elastic modulus, ultimate hoop tensile strain and thickness 
of FRP jacket respectively; D is the diameter of the column section; and cof c  is the unconfined concrete strength] 
(Figure 4). It should be noted that the database of 29 columns used for developing this model included both 
hardening and softening sectional responses, which may have introduced some errors to the equivalent plastic 
hinge model which should be used in modeling columns with a softening sectional response. Jiang et al. (2014) 
tested seven FRP-confined square RC columns under monotonic lateral loading, and the equivalent plastic hinge 
lengths of these test columns also exhibited an ascending and then a descending trend with the FRP confinement 
ratio, but these were much smaller than those of corresponding circular columns with the same FRP 
confinement ratio based on the definition of Eq. (8). Therefore Jiang et al. (2014) modified the equivalent 
plastic hinge length model of Gu et al. (2012) by introducing the corner radius ratio (2r/b) to reflect the reduced 
FRP confinement effectiveness in square columns. As this modification was based on their own test columns 
which all had the same corner radius ratio of 0.20, their model is unable to reflect closely the effect of corner 
radius ratio for square columns. A more robust equivalent plastic hinge length model (Lin (2015) has recently 
been proposed based on a test database of 18 FRP-confined square RC columns under monotonic/cyclic lateral 
loading, in which the corner radius ratio ranges from 0.10 to 0.20. This model (Lin 2015), which is similar in 
form to Jiang et al.’s (2014) model, is given by: 
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where 1.22O   was obtained based on a regression analysis to minimize the errors between the predictions of 
Eq. (7) and the test results (Figure 4); r is the radius of the rounded corners; b is the width of a square section; 
and fO  is the equivalent FRP confinement ratio for square columns: 
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This equivalent plastic hinge length model (Lin 2015) [Eq. (7)] was therefore adopted in the present study to 
determine the characteristic length SFpl  of the modified Scott-Fenves integration scheme. 
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Figure 4 Test results versus predictions of a new model for equivalent plastic hinge lengths (Lin 2015) 
 
NUMERICAL SIMULATION OF FRP-CONFINED SQUARE RC COLUMNS 
 
Numerical Modelling 
 
As indicated in Figure 5, a cantilever column was modelled using a single force-based beam-column element 
with the modified Scott and Fenves integration scheme, as was implemented in OpenSEES (2009). Each fixed-
end section was assigned with a characteristic length calculated using Eqs. (6) and (7) [Figure 5(a)]. The 
sectional response at each integration point was predicted by the fiber section method (i.e., the section was 
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divided into many small fiber elements instead of layers due to the default choice of OpenSEES). The fiber 
discretization of the square column section is shown in Figure 5(c). The steel fibers were assumed to follow the 
same cyclic stress-strain model for steel reinforcement as was used by Teng et al. (2015). The cover concrete 
was confined solely with an FRP jacket while the core concrete [i.e., the concrete enclosed by the transverse 
steel reinforcement (TSR)] was confined with both the FRP jacket and the TSR. Therefore, the concrete core 
and the concrete cover were assumed to follow two different cyclic stress-strain models respectively as 
explained in the next sub-section. The cover concrete was divided into two layers in the cover thickness 
direction and 17 layers along the section side; the core concrete was divided into 14 × 14 equally distributed 
layers. This level of discretization has previously been shown to lead to converged results (Lehman and Moehle 
2000). 
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Figure 5 Numerical model for an FRP-confined square RC column 
Stress-Strain Models for FRP-Steel-Confined Concrete and Steel 
 
The model used in the present study to predict the envelope curve of concrete in FRP-confined square RC 
columns under cyclic axial compression is that proposed in Lin (2015). This stress-strain model is applicable to 
both FRP-steel-confined concrete (the core concrete) and FRP-confined concrete (the cover concrete, which is 
treated as a special case of FRP-steel-confined concrete). For cases with a softening stress-strain response, the 
model consists of a cubic first portion, a linear descending second portion, and a horizontal third portion (Figure 
6) and is described by the following equations: 
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where cV  and cH  are the axial compressive stress and strain of confined concrete; cE  is the modulus of 
elasticity of unconfined concrete; ccf c  and ccH  are the peak axial stress and the corresponding axial strain of 
confined concrete; cuH  and cuf c  are the ultimate axial strain and the axial stress at ultimate axial strain of 
confined concrete; rsdH  is the axial strain at the initiation of the horizontal third portion; and 2E  is the slope of 
the linear second portion of the stress-strain curve. Further details of the stress-strain model (including equations 
for ccf c , ccH , cuf c , cuH , rsdH , and 2E ) can be found in Lin (2015). These equations take into account the 
confinement effects of both FRP and TSR, as well as the strain gradient effect due to combined axial 
compression and bending.  
 
The hysteretic stress-strain behavior of FRP-confined or FRP-steel-confined concrete within the compressive 
stress-strain domain is described using the unloading/reloading rules from Lam and Teng (2009) (Figure 6). 
Readers can refer to Lam and Teng (2009) and Teng et al. (2015) for more details of the model. For the concrete 
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in cyclic tension, the modified cyclic stress-strain model of Yassin (1994) for unconfined concrete was used 
(Teng et al. 2015). The “ReinforcingSteel” stress-strain model available in OpenSEES was adopted to represent 
the hysteretic behavior of steel reinforcement. This model has been shown to be superior to other stress-strain 
models of steel reinforcement in OpenSEES (2009) (Teng et al. 2015). 
 
Ec
O
Axial strain
,un envHcV
A
xi
al
 st
re
ss
cH
,un envH
,( , )ret env newH V
,( , )ret env newH V
,( , )ret env newH V
ccH rsdH
f'cc
Envelope curve (Lin 2015)
Cyclic curves (Lam and Teng 2009)
( , )cu cufH c
 
Figure 6 Stress-strain model for confined concrete in FRP-confined square RC columns (Lin 2015) 
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(b) Force-displacement curves 
Figure 7 Numerical results for Specimen F3 tested by Sause et al. (2004) 
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(b) Specimen ASG-5NSS 
Figure 8 Cyclic lateral load-displacement curves: test results versus numerical predictions 
 
Numerical Results 
 
Figure 7 shows the numerical results obtained using a single force-based beam-column element with 4, 5, 6, and 
7 Gauss-Lobatto integration points for Specimen F3 tested by Sause et al. (2004). The sectional moment-
curvature curve obtained from a conventional section analysis is shown in Figure 7(a); it is obvious that this 
specimen has a softening sectional response. The predicted monotonic lateral force-lateral displacement curves 
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are shown in Figure 7(b). It can be seen that the numerical results vary significantly with the number of 
integration points, demonstrating the non-objectivity of numerical results. 
 
The numerical results using the force-based beam-column element with the modified Scott and Fenves (2006) 
integration scheme are shown in Figure 8 for specimen F3 and specimen ASG-5NSS from Sause et al. (2004) 
and Memon and Sheikh (2005) respectively. It can be seen that the responses of the test columns can be 
reasonably closely predicted using this approach given the complexity of the problem. In particular, the ultimate 
lateral displacement and ultimate curvature are reasonably well predicted by the proposed approach. 
 
CONCLUDING REMARKS 
 
FRP-confined concrete in rectangular columns often exhibits a softening stress-strain response due to the much 
lower effectiveness of FRP confinement in these columns compared with that in circular columns. For such 
cases, localization of inelastic deformation occurs at the column ends, which presents a significant challenge for 
numerical simulations to obtain objective results. This paper has presented an objective numerical approach for 
FRP-confined square RC columns under cyclic/seismic loading, in which the force-based beam-column element 
with the modified Scott and Fenves integration scheme in OpenSEES (Open System for Earthquake Engineering 
Simulation) is employed. To use this element properly, the development and use of an equivalent plastic hinge 
length model for such columns was carefully examined. The objectivity and accuracy of predictions from the 
proposed numerical approach have been demonstrated using numerical examples. 
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